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A method to apply the discrete adjoint for computing sensitivity derivatives in two-dimensional unsteady flow

problems is presented. The approach is to first develop a forward or tangent linearization of the nonlinear flow

problem in which each individual component building up the complete flow solution is differentiated against the

design variables using the chain rule. The reverse or adjoint linearization is then constructed by transposing and

reversing the order of multiplication of the forward problem. The developed algorithm is very general in that it

applies directly to the arbitrary Lagrangian–Eulerian form of the governing equations and includes the effect of

deformingmeshes in unsteadyflows. It is shown that an unsteady adjoint formulation is essentially a single backward

integration in time and that the cost of constructing the final sensitivity vector is close to that of solving the unsteady

flow problem integrated forward in time. It is also shown that the unsteady adjoint formulation can be applied to

time-integration schemes of different orders of accuracy with minimal changes to the base formulation. The

developed technique is then applied to three optimization examples, the first in which the shape of a pitching airfoil is

morphed to match a target time-dependent load profile, the second in which the shape is optimized to match a target

time-dependent pressure profile, and the last in which the time-dependent drag profile is minimized without any

loss in lift.

I. Introduction

R ECENTLY, the use of adjoint equations has become a popular
approach for solving aerodynamic design optimization

problems based on computational fluid dynamics [1–6]. Adjoint
equations are a very powerful tool in the sense that they enable the
computation of sensitivity derivatives of an objective functional to a
set of given inputs at a cost that is essentially independent of the
number of inputs. This is in contrast to thefinite differencemethod, in
which each input or design variable has to be perturbed individually
to obtain a corresponding effect on the output functional. This is a
tedious and costly process, which becomes impractical in the
presence of large numbers of design variables or inputs.

Solutions of steady-state aerodynamic optimization problems
using adjoint methods [4,7–10] are now fairly well established.
However, relatively little work has been done in applying these
methods for unsteady time-dependent problems [11–13]. In the
context of unsteady flows, frequency-domain methods [14,15] have
been investigated that allow for reduced computational expense,
particularly for problems with strong periodic behavior. More
recently, unsteady time-domain adjoint methods have been
investigated by Rumpfkeil and Zingg [13], although this work is in
the context of structured meshes using relatively simple mesh
deformation strategies. The goal of this paper is to develop an
efficient framework for computing sensitivity derivatives in
unsteady flow problems operating directly in the time domain using
unstructured meshes and including the effect of general mesh
deformation techniques. It is important that dynamic deformation of
unstructured meshes be addressed because such techniques are now
commonplace in unsteady computations, particularly in the field of

aeroelasticity. Additionally, although rigid-bodymotion in unsteady
computations may be handled by overset-grid methods, shape
deformation in such flows can be handled only via the use of mesh
deformation equations.

The daunting computational expense associated with unsteady
optimization problems has prompted the development of frequency-
domain approaches, which have been shown to be more economical
for problems with periodic behavior. Although time-domain
methods may be more expensive for such problems, they can be
expected to be more suitable in the general case for problems with no
dominant periodic behavior, and the two approaches should be
considered complementary to one another. In general, the total cost
of an optimization is equal to the number of design iterations required
to reach an optimum solutionmultiplied by the cost of a single design
iteration. The cost of a single design iteration can be broken down
into the cost of a flow solution and the cost of a sensitivity solution.
Reduction of the total number of design cycles to obtain an optimum
solution can be achieved by using sophisticated optimization
algorithms. For our work, we use the reduced Hessian Broyden–
Fletcher–Goldfarb–Shann (BFGS) optimization algorithm with
bounds (LBFGS-B) developed in [16]. Considering the fact that
unsteady analysis solutions themselves are inherently expensive, all
possible methods to improve efficiency both in the case of the flow
solver and the sensitivity solver must be exploited to the fullest
extent. This necessitates the use of multigrid methods to reduce
dependency on mesh resolution and also the use of high-order time-
integration schemes to obtain high-quality, unsteady solutions with a
minimal number of time steps [17]. Conversely, it is important that
adjoint methods developed for unsteady problems be general enough
that they are applicable to any order of time-integration scheme.
Also, convergence acceleration methods, such as multigrid, must be
easily extendable to the developed algorithms. The unsteady adjoint
algorithm presented in this paper partially addresses both of these
concerns. The algorithm takes into account high-order backward-
difference formula (BDF) time-integration schemes and can be
extended to higher-order implicit Runge–Kutta schemes without
severe additional cost. The algorithm also uses the linear multigrid
method [18] for convergence acceleration.

The optimization examples presented in the paper are based on a
sinusoidally pitching airfoil under transonic conditions. Although this
is a periodically steady-state problem, which can be treated using
frequency-domainmethods,we use the samecase for demonstration of
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the algorithm by treating it directly in the time domain over one period
of oscillation beginning with a steady-state solution. The primary
motivation for this arises from the potential of applying the algorithm
in aeroelastic design of rotorcraft blades although the time-domain
approach developed in this work should be equally applicable to more
complex unsteady motions such as aeroelastic flutter problems.

II. Analysis Problem Formulation

A. Governing Equations of Flow Problem in Arbitrary Lagrangian–
Eulerian Form

The conservative form of the Euler equations is used in solving the
flow problem. The paper is limited to inviscid flowproblems because
the primary focus is the development and verification of an unsteady
adjoint method. Extension of the algorithm to viscous flow problems
with the inclusion of turbulence models should prove to be relatively
straightforward. The differences arise only in the linearization of the
additional flux contributions and not in the base formulation
presented in this paper. In vectorial form, the conservative form of
the Euler equations may be written as
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Here, � is the fluid density, �u; v� are the Cartesian fluid velocity
components, p is the pressure, andEt is the total energy. For an ideal
gas, the equation of state relates the pressure to total energy by

p� �� � 1�
h
Et � 1

2
��u2 � v2�

i
(3)

where � � 1:4 is the ratio of specific heats. Applying the divergence
theorem and integrating over a moving control volume A�t� that is
bounded by the control surface B�t� yieldsZ
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Using the differential identity
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Equation (4) is rewritten as
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�F�U� � _xU� � n dB� 0 (6)

or, when considering cell-averaged values for the state U, as

@AU

@t
�
Z
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�F�U� � _xU� � n dB� 0 (7)

This is the arbitrary Lagrangian–Eulerian (ALE) finite volume form
of the Euler equations. The equations are required in ALE form
because the problem involves deforming meshes in which mesh
elements change in shape and size at each time step. Here,A refers to
the area or volume of the element, _x is the vector ofmesh face or edge
velocities, n is the unit normal of the face or edge, andB refers to the
area or length of the bounding surface or edge.

B. Temporal Discretization

The time derivative term in the Euler equations is discretized using
either a first-order accurate backward-difference formula (BDF1) or
a second-order accurate (BDF2) scheme. These discretizations are

shown in Eqs. (8) and (9), respectively. The index n is used to
indicate the current time level as the convention throughout the
paper. The discretization of the BDF2 scheme shown in Eq. (9) is
based on a uniform time-step size.
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C. Spatial Discretization

The solver uses a cell-centered finite volume formulation in which
the inviscid flux integral around a closed control volume is
discretized as

Z
dB�t�
�F�U� � _xU� � n dB� Scell �

Xnedge
i�1

F?i Bi � VeiUcellBi (10)

where, for a 2-D problem,Bi is the edge length,Vei is the normal edge
velocity, and F?i is the normal flux across the edge. The normal flux
across the edge is computed as

F ?edge � 1
2

n
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h
Â
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where qL and qR are the left and right extrapolated state vectors, and
F?L andF?R are the left and right normal fluxes for the edge computed
as
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�Et � p�V?

0
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1
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The velocity normal to the edgeV? is defined asun̂x � vn̂y, where n̂x
and n̂y are the unit edge normal vector components. The dissipative
flux is computed using Roe’s approximate Riemann solver [19], and,

therefore,matrix �Â� is theRoe-averagedflux Jacobian. Second-order
spatial accuracy is achieved by using a gradient-based reconstruction
of the state vector at the edges based on cell-centered values. The
extrapolated state q is calculated as

q � U�rU � r (13)

Here, r is the vector between the cell centroid and the edge midpoint,
and rU is the gradient of the state vector. The gradient is computed
by first obtaining nodal state values via arithmetic averages of cell-
centered values from elements that share the node, and then using
Green–Gauss reconstruction to obtain the state gradients at the cell
centers. An arithmetic average is used rather than more accurate
polynomial-based interpolationmethods to simplify the linearization
procedure. No limiting procedure is employed in the reconstruction
scheme as shown in Eq. (13).

D. Discrete Geometric Conservation Law

The discrete geometric conservation law (GCL) requires that a
uniform flowfield be preserved when Eq. (7) is integrated in time. In
other words, the deformation of the computational mesh should not
introduce conservation errors in the solution of the flow problem.
This translates intoU� const being an exact solution of Eq. (7). For
a conservative scheme, the integral of the inviscid fluxes around a
closed contour goes to zero when U� const. Applying these
conditions to Eq. (7) results in the mathematical description of the
GCL as stated here:

@A

@t
�
Z
dB�t�

_x � n dB� 0 (14)

For a first-order BDF1 time-integration scheme, this can be
discretely represented using Eqs. (8) and (10) as
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Equation (15) implies that the change in area of an element in the
mesh should be discretely equal to the area swept by the bounding
edges of the element. The edge velocities Vei for each of the edges
encompassing the element must therefore be chosen such that
Eq. (15) is satisfied. Whereas various methods for computing the
edge velocities satisfying the GCL have been developed for different
temporal discretizations [17,20], a unifying approach applicable to
first-, second-, and third-order BDF schemes, as well as higher-order
accurate implicit Runge–Kutta (IRK) schemes, has been developed
in [21]. This formulation is used exclusively in the current work.
While the details of the formulation are not central to the current
work, the functional form of the face-integrated edge velocities is
important for the derivation of the adjoint equations. In our
formulation, these values depend on the mesh coordinates xn and
xn�1 for BDF1 and xn, xn�1, and xn�2 for BDF2.

E. Mesh Deformation Strategy

Deformation of the mesh is achieved through the linear tension
spring analogy [7,22], which approximates the mesh as a network of
interconnected springs. The spring coefficient is assumed to be
inversely proportional to the edge length. Two independent force
balance equations are formulated for each node based on
displacements of neighbors. This results in a nearest-neighbor
stencil for the final linear system to be solved. The linear system that
relates the interior node displacements in the mesh to known
displacements on the boundaries is

�K��xint � �xsurf (16)

where �K� is the stiffness matrix assembled using the spring
coefficients of each of the edges in the computational mesh.

F. Geometry Parameterization

Modification of the baseline geometry is achieved through
displacements of the surface nodes defining the geometry. To ensure
smooth geometry shapes, any displacement of a surface node is
controlled by a bump function, which influences neighboring nodes
with an effect that diminishes moving away from the displaced node.
The bump function used for the work presented in this paper is the
Hicks–Henne sine bump function [23]. The design variables or
inputs for the optimization examples presented form a vector of
weights controlling the magnitude of bump functions placed at
various chordwise locations.

G. Analysis Procedure

The example problems chosen to demonstrate the unsteady adjoint
algorithm involve a deformable airfoil that pitches sinusoidally. The
procedure to determine the unsteady flow solution for such a case is
as follows:

1) Determine the surface coordinates (shape) of the deformed
airfoil as

x 0
surf � xbase

surf � �xbase
surf (17)

where �xbase
surf are the displacements of the surface nodes computed as

a function of the design variablesD. In this case, the function refers to
the Hicks–Henne sine bump function. The variable xbase

surf refers to the
surface coordinates of the baseline nondeformed airfoil.

2) Solve mesh motion equations to determine displacements of
interior nodes �x0

int. Add to interior node coordinates of baseline
mesh to get the interior node distribution for the deformed airfoil as
x0
int � xbase

int � �x0
int.

3) Begin time integration at time n� 0.
4) Transform the deformed surface coordinates to their new

orientation for the current time level n through multiplication of the
rotation matrix ���n, which prescribes the motion of the pitching
airfoil as a function of time. The center of rotation for the airfoil is

taken to be the quarter-chord location. The rotation matrix ���n is a
function of the angle of attack at the current time level and can be
determined using the sine function shown in Eq. (18). The
transformed airfoil is then used to compute the surface displacement
vector �xnsurf for the current time level n as shown in Eq. (19).

�n � �0 � �max sin�!tn� (18)

�xnsurf � ����n � �I��x0
surf (19)

5) Solve the mesh motion equations again to obtain the interior
node displacements �xnint at time level n. The interior node
coordinates are then computed as xnint � x0

int � �xnint, where x0
int are

the interior node coordinates for the deformed airfoil at the time level
n� 0.

6) Calculate edge velocitiesVe in accordancewith the GCL for the
chosen time-integration scheme. For a BDF1 scheme, Ve is a
function of coordinates xnint and x

n�1
int , whereas, for a BDF2 scheme,

Ve additionally depends on the coordinate values xn�2int . Further
details can be found in [21]. New cell areas An are also computed at
this point using xnint.

7) For an implicit time step, the nonlinear flow residual is defined
as

R n � @�AU�
@t
� S�Vn

e;n
n;Un� � 0 (20)

where the discretization of the time derivative is based on the chosen
time-integration scheme. The second term is the spatial residual of
the flow and is a function of the edge velocitiesVe, the edge normals
n, and the flow solution at the current time level Un.

8) Solve the nonlinear flow residual using Newton’s method as
shown in Eq. (21) in conjunction with an agglomeration multigrid
scheme to accelerate convergence of the intermediate linear systems.�

@R�Uk�
@Uk

�
�Uk ��R�Uk� Uk�1 � Uk � �Uk (21)

9) If the current time level is n� 0, obtain a steady-state solution
for use as an initial condition by solving S�nne;Un� � 0.

10) Compute lift and drag coefficients CnL and C
n
D for the current

time level. The load coefficients are functions of both the currentflow
solution and the current mesh coordinates.

This analysis capability is very similar to previously developed
unsteady Euler solvers and has been validated through mesh
refinement and temporal refinement studies and comparisons with
the two-dimensional unstructured mesh solver described in [24].

III. Sensitivity Formulation for Unsteady Flow
Problem

A. Functional Dependence

The time-integrated objective functional Lg that is to be
minimized can be written with intermediate dependencies as a
function of the design variables D to assist with the chain rule
differentiation process. For the problem of the unsteady pitching
airfoil, the design variables form a vector of weights controlling the
magnitudes of bumps placed at various surface node or chordwise
locations. The intermediate dependencies for aflow solver based on a
BDF1 temporal discretization can be written as

Lg � F
h
L0; L1; L2; . . . ; Lnf

i
(22)

Ln � F
h
Un;xnint

i
(23)

U n � F
h
Un�1;xnint;x

n�1
int

i
(24)

U n;Un�1;Un�2 � � � � F�D� (25)
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x n
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n�2
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h
x0
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x 0
surf � F�D� (27)

where Ln; Ln�1 � � � denote local functional values at each time level.
Sequentially differentiating Eqs. (22–27) results in a general
expression for the final sensitivity derivative dLg=dD for the
unsteady flow problem

dLg

dD
�
Xn�nf
n�0

@Lg

@Ln

�
@Ln

@Un

@Un

@D
� @Ln

@xnint

@xnint
@D

�
(28)

where several of the intermediate derivatives are not shown for
simplicity.

B. Tangent or Forward Linearization

Consider the case of a single design variableD. Equations (16) and
(20) form the constraint equations for the sensitivity problem and can
be differentiated with respect to the design variable D in order to
obtain convenient expressions for both the flow variable sensitivity
(@U=@D) and the mesh-coordinate sensitivity (@xint=@D) that appear
in Eq. (28). For a BDF1 time discretization, the flow constraint
equation (i.e., the nonlinearflow residual at a given time level) can be
written as

R n
�
xnint;x

n�1
int ;U

n;Un�1
�
� 0 (29)

Differentiating this with respect to the design variable D yields
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Rearranging the equation in terms of the flow Jacobian results in an
expression for the flow variable sensitivity as�
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The second constraint is the set of mesh motion equations.
Differentiating these with respect to the design variable produces an
expression for the mesh-coordinate sensitivity as

�K� @x
n
int

@D
� @x

n
surf

@D
(32)

The stiffness matrix �K� is based on the initial configuration of the
mesh and does not change through the time integration or design
optimization process and can therefore be treated as a constant in the
differentiation. The procedure to obtain the sensitivity dL=dD using
the forward linearization can be summarized as follows:

1) Begin time-integration loop at n� 0.
2) Determine the surface node sensitivities @x0

surf=@D by
differentiating the shape functions.

3) Multiply the surface node sensitivities with the rotation matrix
���n to obtain the rotated surface node sensitivities for the current
time level n.

4) Iteratively compute the mesh-coordinate sensitivities for the
current time level as shown in Eq. (32).

5) Compute the flow variable sensitivities iteratively as shown in
Eq. (31), in which the flow variable and the mesh-coordinate
sensitivities from the previous time level are known quantities. In
the case of the first time step, these are the outputs from the steady-
state sensitivity solution (if the unsteady solution is restarted from the
steady solution), or these are derivatives of the initial condition for
the unsteady flow. The initial condition may be assumed to be
uniform flow to remove dependence on the design variable D.

6) Continue integrating forward in time, performing matrix–
vector or vector–vector inner products as per Eq. (28). At the end of

the time-integration process, the complete sensitivity of the global
objective functional Lg to the design variable D is available.

C. Adjoint or Reverse Linearization

For problemswithmultiple design variables and a single objective
functional, Eq. (28) is transposed to obtain the adjoint or reverse
linearization. Shape optimization problems require the adjoint
linearization to obtain sensitivities because they typically involve
numerous design variables and one or few objective functionals. The
transpose of the forward linearization can be written as
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Expanding the summation backward,
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Considering only term �X� in the expansion, we can now rearrange
and transpose Eq. (31) to determine an expression that can be
substituted for the flow variable sensitivity. Term �X� can now be
rewritten as
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Here, @Lg=@Ln is a scalar quantity, while @Ln=@Un and @Ln=@xnint are
vectors that are easily computable because Ln is a scalar quantity.
These are merely linearizations with respect to the flow variables and
the mesh coordinates. From Eq. (35), it is clear that the inverse of the
transposed flow Jacobian matrix is required to proceed with the
sensitivity computation. Because direct inversions of the flow
Jacobian matrix are to be avoided, we introduce a flow adjoint
variable defined as per Eq. (36) to enable an iterative approach:

�n
U ��

�
@Rn

@Un

��T�@Ln
@Un

�
T @Lg

T

@Ln
(36)

This is a linear system that can be iteratively solved as

�
@Rn

@Un

�
T

�n
U ��

�
@Ln
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�
T @Lg

T

@Ln
(37)

The convergence of the linear system in Eq. (37) is similar to the
convergence of any single linear system arising while solving the
nonlinear flow constraint equation because both problems contain
the same eigenvalues. Solving for the flow adjoint and substituting
into Eq. (35) results in three terms: �A�n, �B�n, and �C�n. The
remaining preexisting contribution to term �X� is denoted term �E�n.

�X� � @x
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@xnint
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U|�����������{z�����������}
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@D
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nT

int

@D

@Ln
T
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T

@Ln|����������{z����������}
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(38)

Terms �A�n and �E�n can be combined and expanded in terms of the
surface displacement sensitivity of the deformed airfoil as follows:
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where the second term is the transpose of the rotationmatrix ���n, and
the third term can be written in terms of Eq. (32) as

@xn
T

int

@xnsurf
� �K��T (40)

SubstitutingEq. (40) into the combination of terms �A�n and �E�n, we
can introduce a mesh adjoint variable�n

x to avoid a direct inversion
of the stiffness matrix �K� as

�n
x � �K��T
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(41)

This is again a linear system that can be iteratively solved as

�K�T�n
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@xnint
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T
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(42)

Here, the term �@RnT =@xnint��n
U transfers the effect of theflowadjoint

variable residing at the cell center to the mesh coordinates, which are
nodal quantities. This occurs first through the linearization of the
cell-centered flow residual with respect to the flux integral around
the edges of that cell and then via the linearization of the flux across
each edge with respect to the edge normal from which it gets
transferred to the nodes defining the edge normal. As in the case of
the forward linearization, the surface displacement sensitivity is
found by differentiating the shape functions and can be precomputed
and stored. The first contribution to the total sensitivity vector
dL=dD can be now be determined simply by

dLT

dD
� @x

0T

surf

@D
���nT�n

x � � � � (43)

Moving onto the remaining terms �B�n and �C�n, we first gather
terms from time level n � 1 that appear in term �Y� and rewrite in
combined form as

�B�n � �C�n � �Y� � @x
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�
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(44)

We next write an expression analogous to Eq. (31) but at time level
n � 1 and then transpose and rearrange results in a convenient form

for @Un�1T =@D, which appears in Eq. (44). We can now introduce a
flow adjoint variable �n�1

U at time level n � 1 and solve for it as

�
@Rn�1

@Un�1

�
T

�n�1
U ��

�
@RnT

@Un�1 �
n
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@Ln�1
T

@Un�1
@Lg

T

@Ln�1

	
(45)

This gives rise to new terms at time level n � 1, namely �A�n�1,
�B�n�1, and �C�n�1, of which �A�n�1 can be combined with the
remaining mesh-coordinate term in Eq. (44). This now permits the
definition of amesh adjoint variable�n�1

x at time level n � 1 that can
be solved for iteratively as

�K�T�n�1
x �

�
@Rn�1T

@xn�1int

�n�1
U � @RnT

@xn�1int

�n
U �

@xn�1
T

int

@D

@Ln�1
T

@xn�1int

	
(46)

Once the mesh adjoint variable�n�1
x at time level n � 1 is available,

the sensitivity vector dL=dD can be augmented with the contribution
from time level n � 1 with the product of the mesh adjoint variable

with the rotation matrix ���n�1T and the surface displacement

sensitivity @x0T

surf=@D.
A recurrence pattern is clearly seen at this point. Assembling the

complete sensitivity vector dL=dD involves starting at the final time
level and sweeping backward in time by solving for a flow adjoint

variable and a mesh adjoint variable at each time level. The forms of
the flow adjoint equation and the mesh adjoint equation to be solved
at each time level are similar to Eqs. (45) and (46) with the
appropriate modifications to the time indices. The backward sweep
or recurrence terminates at the first time level n� 0 through the
solutions of steady-state adjoint equations for both theflow andmesh
coordinates. At this point, the complete sensitivity vector dL=dD is
available.

D. Modification of Formulation for BDF2 Time-Integration Scheme

The nature of the previously described derivation permits the
application of the same technique regardless of the employed
temporal discretization. For a second-order accurate two-step
backward-difference formula, the constraint equation has contribu-
tions from time indices n, n � 1, and n � 2. The new flow constraint
equation can be written as

R n
�
xnint;x

n�1
int ;x

n�2
int Un;Un�1;Un�2

�
� 0 (47)

The flow variable sensitivity at time level n obtained through
differentiation ofEq. (47)with respect to design variablesD becomes
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(48)

The linearization at time level n now has additional contributions
from time level n � 2. For the BDF1 scheme, the unsteady adjoint
derivation resulted in a two-point recurrence relation in time
involving the time indices n and n � 1. For the BDF2 time-
integration scheme, the recurrence relation is based on three points in
time, namely indices n, n � 1, and n � 2. Equations (45) and (46)
will now have additional source terms as a consequence of this. It is
interesting to note that irrespective of the number of backward steps
required in the time-integration scheme, only one flow adjoint and
one mesh adjoint solution are required at each time level.

IV. Implementation Details

A. Code Structure

The software is divided into three main components, namely, the
flow solver, the adjoint/tangent solver, and the optimization routine.
Theflowsolver is anunstructured cell-centeredunsteadyfinitevolume
code with moving mesh capability that is spatially and temporally
second-order accurate. The flow solver performs the time-integration
process to compute an unsteady flow solution that is then written to
disk periodically at each time level. The adjoint or tangent solver reads
the solution from disk and computes the required sensitivities. A
simple driver program is used as the optimization controller and calls
the LBFGS-B optimization routine, the flow solver, and the adjoint/
tangent solver.All data exchangebetween theflowandadjoint/tangent
solvers occur via files written to disk. This is necessary because the
adjoint solver performs a backward integration in time and thus
requires the entire solution history. It would be impractical to hold the
entire unsteady solution set in memory for later use by the adjoint
solver; however, file I/O operations represent negligible overheads
with respect to overall solution time.

B. Linearization for Second-Order Spatial Accuracy

Computation of the flow adjoint variable requires the linearization
of the flow constraint or flow residual equation with respect to
the flow state variables. Such a linearization results in the flow
Jacobian matrix @R=@U and is used in the Newton solver employed
for the flow solution. In the case of a spatially first-order accurate
discretization, this results in a nearest-neighbor stencil in which the
flow residualR for any element in the mesh is a function of its own
state variables and the state variables of its immediate neighbors. On
triangular unstructured meshes, this translates into the flow Jacobian
matrix being a sparse matrix with each row consisting of a dominant
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diagonal block element and three off-diagonal block elements.
A simple edge-based data structure is sufficient for the purpose of
constructing and storing the elements of the flow Jacobian matrix.
In the case of second-order spatial accuracy, the flow residual of each
element is no longer restricted to a nearest-neighbor stencil because
the residual R depends not only on the state variables but also their
spatial gradients. This is can be seen in Eq. (13), describing the
reconstruction scheme used for second-order accuracy in which rU
is the spatial gradient of the state vectorU. Because the state variable
gradients are functions of element states extending beyond the
nearest-neighbor stencil, constructing and storing an exact flow
Jacobian matrix quickly becomes impractical due to large memory
requirements and the lack of a simple data structure. For the flow
solver, it is not required that an exact linearization of theflow residual
R be available because only the solution ofR�U� � 0 is necessary.
To achieve second-order accuracy, it is only required that the flow
residual itself be constructed using second-order extrapolations ofU.
An inexact Newton’s method is employed in which the first-order
accurate flow Jacobian matrix is used in solving second-order
accurate residual equations R2�U�. The method, being inexact, no
longer exhibits the quadratic rate of convergence typical of aNewton
solver but greatly simplifies the solution procedure.

In the case of the adjoint solver, it has been shown that
approximating a second-order accurate flow Jacobian matrix with a
first-order accurate matrix leads to significant errors in the computed
sensitivities [25]. The linear systems that involve the flow Jacobian
matrix are Eqs. (37) and (45). Although computing and storing the
exact second-order Jacobian is impractical, it is quite straightforward
to construct the product of the second-order Jacobian and a vector
using a two-pass approach [7,8]. This property is taken advantage of,
and a defect correction method is used to solve the linear system
involving the second-order flow Jacobian matrix. For example,
consider the left-hand side of the linear system shown in Eq. (37). In
the case in which the flow Jacobian matrix is second-order accurate,
this can be split into the sum of two matrix-vector products as
follows:
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(50)

where �@Rn=@Un�1 is the first-order Jacobian. Term (1) can be easily
computed because the first-order Jacobian is already stored. Term (2)
can be computed via a series of matrix-vector products on the fly

if �n
U is available. The defect correction method is similar to a

nonlinear solution method and can be expressed mathematically as
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�
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T
	

(51)

Here, �P� refers to the preconditioner and ��U the correction for�U.
When the correct value for�U has been achieved, the right-hand side
of Eq. (51) goes to zero. In order for the system to converge, the
preconditioner �P� must be closely related to the second-order flow
Jacobian matrix. Typically, the preconditioner is taken to be the
transpose of the first-order flow Jacobian matrix [8,26]. The right-
hand side includes the effect of the second-order flow Jacobian
matrix and is evaluated as described by Eq. (50).

C. Optimization Algorithm

The LBFGS-B optimization routine from [16] is used for all of the
examples presented in this paper. The optimization algorithm is an
extension of the LBFGS algorithm, which does not require bounds
on the design variables. The bounded algorithm was chosen to
prevent the generation of invalid geometries that would cause code
crashes in theflow and adjoint solvers. A simple programwas used to
adaptively select the bounds by calling themesh deformation routine
with different combinations of design variables and checking for
degenerate elements in the resulting mesh.
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Fig. 1 Computational mesh of approximately 20,000 elements used in
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D. Verification of Adjoint Sensitivity

The procedure to validate the computed sensitivity is twofold.
First, the sensitivity computed using the forward linearization is
verified by comparing againstfinite differenced values. Then, duality
[27] between transpose operations is invoked to assure that the

sensitivity vector computed using the adjoint linearization matches
that computed using the forward linearization. For finite
differencing, each design variable is individually perturbed to
record its effect on the global objective. Similarly, the forward
linearization code is called nD number of times to obtain the entire
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Fig. 4 Comparison of target and computed time-dependent lift profiles at various design iterations for case 1.
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sensitivity vector. The finite differencing is done over a range of step
sizes to obtain a converged value. The two-step procedure was

employed over directly verifying the adjoint sensitivity with the
finite differenced values because the forward linearization is farmore

intuitive than the adjoint linearization in which transposes of steps in

the forward linearization are required.Determining the validity of the
computed sensitivity and tracking down errors can be quite tedious

when attempting to use the finite difference method to validate the
adjoint solver directly. The gradients produced by the finite

difference approach and the forward linearization approach were
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Fig. 5 Comparison of target and computed time-dependent drag profiles at various design iterations for case 1.
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verified in this manner to be in agreement to within four significant
figures, whereas the forward linearization and adjoint values were
verified to be in agreement to 15 significant figures, as expected.

V. Optimization Examples

Three test cases are presented to demonstrate the unsteady adjoint
algorithm. All three involve the sinusoidal pitching of a NACA0012
airfoil about its quarter-chord location. The flow and pitch conditions
are identical for all cases with a freestream Mach number of 0.755
combined with a mean angle of attack of 0.016 deg. The time-
dependent pitch criteria consists of an amplitude of 2.51 deg and a
reduced frequency of 0.0814. The computational mesh consists of
approximately 20,000 triangular elements as shown in Fig. 1, with
290 surface nodes defining the geometry. Although the algorithm is
applicable in the time domain, a periodic problemwith initial transient
behavior is chosen for demonstration purposes. As described earlier,
the design variables form a vector of weights that control the
magnitude of bump functions placed at various chordwise locations
of the airfoil, which is to be deformed. The chordwise locations
are chosen such that they coincide with the x-coordinate locations of
the nodes defining the surface of the airfoil. In general, we place a
single bumpat each oneof the surface node locations, and, because the
computational mesh consists of 290 surface nodes, this translates into
an equal number of design variables.

A. Case 1: Time-Dependent Load Matching

The goal of this test case is to optimize the shape of a NACA0012
airfoil such that the time-dependent load profile matches that of a
sinusoidally pitching NACA64210 airfoil. The time integration for
this example is carried out from a steady-state solution to a
nondimensional time of 48.2431. The temporal resolution consists of
40 time steps. The time-integrated global objective functional is
defined as the mean of local functionals at each time level as

Lg �
�

1

nf � 1

�Xn�nf
n�0

Ln (52)

and the local objective functional at each time level is the linear
combination of the differences between target and computed loads
defined as

Ln � 1
2

�
CnL � CnLtarget

�
2 � 10

2

�
CnD � CnDtarget

�
2

(53)

where the factor of 10 for the drag coefficient is introduced to
equalize the difference in order of magnitude between the lift and
drag coefficients. Note that there is no constraint in the functional
that controls the shape of the optimized airfoil. The only guarantee

based on the formulation is that when the functional goes to zero,
the target and computed time-dependent load profiles match. The
shape is constrained in a loose sense only through the bounds placed
on the design variables such that degenerate geometries do not result
during the course of the optimization. As described earlier, these
are computed a priori and are read in by the optimization routine at
the onset of the optimization process. It is not necessary that the
optimized airfoil match the shape of the NACA64210 airfoil,
although it is one of the possible solutions to the optimization
problem. The convergence of the time-integrated functional and
the norm of the gradient vector are shown in Fig. 2. Figure 3 shows
the optimized airfoil for this case. A pronounced hook shape close to
the trailing edge of the optimized airfoil is visible from the figure.
Since the target airfoil has finite lift at zero angle of attack, the
baseline symmetric airfoil must be deformed such that it gains some
degree of camber. The trailing-edge flow exit angle, being the most
influential on turning the flow from the freestream direction (i.e.,
camber), has pushed the optimization in that direction. In reality, a
severely curved trailing edge will typically lead to flow separation
and loss of lift with increase in drag. This is not the case for the
presented example because the flow and adjoint solvers are based on
the Euler equations and do not include the effect of viscous terms. It
should be interesting to observe the results of a shape-unconstrained
optimization based on the Navier–Stokes equations in comparison
with those presented here.
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b) 1st design iteration (n=11)
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c) 1st design iteration (n=32)
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d) 3rd design iteration (n=1)
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e) 3rd design iteration (n=11)
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f ) 3rd design iteration (n=32)
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g) 15th design iteration (n=1)
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h) 15th design iteration (n=11)
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i) 15th design iteration (n=32)
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j) 25th design iteration (n=1)
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Fig. 9 Comparison of computed and target pressure profiles at different design iterations for three time levels, n� 1, n� 11, and n� 32, for

optimization case 2 with 290 design variables.
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Fig. 10 Comparison of computed and target pressure profiles at different design iterations for three time levels, n� 1, n� 13, and n� 27, for

optimization case 2 with 14 design variables.

MANI AND MAVRIPLIS 1361



Figures 4 and 5 compare the computed and targeted time-
dependent lift and drag profiles at various stages in the optimization.
The drag comparison figure indicates what appears to be a slightly
larger error between the optimized and target values than the lift
curves at the final design iteration because of the different scales of
these coefficients. There is approximately a 2 orders of magnitude
reduction in the functional and gradient within the first five design
iterations beyond which the convergence rate greatly diminishes.
No convergence specific stopping criteria was used except for total
computational time to terminate the optimization. For this particular
example, the optimization was terminated after 15 wall-clock hours,
and this corresponded to 58 calls of the flow solver and the adjoint
code.

B. Case 2: Time-Dependent Pressure Distribution Matching

The second optimization example is that of inverse design from a
NACA0012 airfoil to a NACA64210 airfoil in the context of
unsteady flows. The target time-dependent pressure profile for this
example is that of a sinusoidally pitching NACA64210 type airfoil.
Since inverse design is shape constrained, it is important to know
a priori whether the geometric parametrization permits the target
airfoil to lie within the design space of the problem. An optimization
using only the shape parametrization independent of the flow
equationswas performed to check if this were true. It was determined
that an exact NACA64210 was not achievable based on the current
parametrization. As a consequence, the closest possible match from
the result of this exploratory geometric optimization was used as
the target because this guarantees an achievable shape. Figure 6
compares the airfoil that was used as the target against the true
NACA64210 airfoil.

The objective functional for this example is similar to that of
case 1, with the difference in computed and target loads replaced by
the difference in computed and target time-dependent pressure
profiles. The local objective functional at each time level for this
example is defined as

Ln �
Xnsurf
i�1

�
1

2

�
pni � pnitarget

�
2
	

(54)

Figure 7 shows the convergence of the global objective functional
Lg. As in the previous case, the global objective functional drops by
about 4 orders of magnitude before the convergence begins to stall.
This is not an acceptable scenario because it is known that the target
airfoil lies within the design space. Theoretically, the functional
should be able to reach machine zero and the gradient to the square
root of machine zero. The problem was suspected to be the
complexity of the design space and the inability of the LBFGS-B
algorithm to navigate through it. Because the optimization consists

of 290 design variables, the problem was simplified by reducing the
total number of design variables to 14. As previously described, a
new target airfoil was chosen using the parametrization based on
fewer design variables, and a second unsteady inverse design
optimization was run. Figure 8 shows the convergence for this case.
The results verify our suspicions because, in this case, the expected
trend is observed. The functional reaches machine zero in 28 design
iterations, whereas the gradient approximately reaches square root of
machine precision. The termination criteria used in this case was a
value of 10�14 for the functional.

Figures 9 and 10 compare the target and computed pressure
profiles at different design iterations for three temporal locations for
both the 290 and 14 design variables cases. Although qualitatively
the results look impressive in both cases, it is clear from the
convergence plots that the true optimum has been achieved only in
the 14 design variable case.

C. Case 3: Time-Dependent Drag Minimization

The final optimization example is that of lift-constrained time-
dependent drag minimization. The objective formulation for this
case is the same as that used for the time-dependent load matching
problem. The difference lies in the target loads used in the
formulation. Since this a lift-constrained dragminimization problem,
the target time-dependent lift is set to be that of the baseline
NACA0012 airfoil itself, whereas the target drag is set to be zero at
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all temporal locations. The flow conditions and pitch criteria remain
identical to the previous two examples. The objective functional
cannot reach zero in this case because the drag acting on a pitching
airfoil is always nonzero. Figure 11 shows the convergence of the
functional and the gradient, and it is clear that the optimization levels
out very quickly. Figure 12 shows the optimized airfoil in
comparison with the baseline NACA0012 airfoil. Figure 13 shows
the convergence of the time-averaged and maximum drag
coefficients during the course of the optimization. An approximate
reduction of 85 counts of drag in the maximum drag coefficient and
50 counts in the time-averaged drag coefficient is observed.
Figures 14 and 15 compare the baseline and optimized time-
dependent lift and drag profiles.

VI. Conclusions

An adjoint method for computing sensitivities in time-dependent
flow problems based on an ALE formulation with deforming meshes
was developed. The algorithm was demonstrated by applying it to
time-dependent flow problems in the context of shape optimization.
The method is feasible for substantially large cases because the
solution history is written to disk and read in as and when required.
Consequently, the memory overhead is never more than what is

required for obtaining a single unsteady flow solution. Typical three-
dimensional unsteady flow problems that run in parallel with
approximately 200,000 elements per processor for about 2000 time
steps would require roughly 15 GB of hard drive space per processor
to hold the solution history. Such space requirements can be easily
accommodated at low cost on today’s computational clusters. Also,
because the solution set is written piece by piece at the conclusion of
each time step in the time-integration process, the speed of the I/O
operation itself has little impact on the overall speed of computation.
The other factor weighing in on feasibility when extended to large
cases is the number of design iterations required to reach an optimum
design. To this end, future work will explore the use of advanced
optimization algorithms and will test the algorithm in three-
dimensional problems.
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